Korean J. Math. 32 (2024), No. 4, pp. 615-628
https:/ /dx.doi.org /10.11568 /kjm.2024.32.4.615

FIXED POINT IN BANACH *-ALGEBRAS WITH AN
APPLICATION TO FUNCTIONAL INTEGRAL EQUATION OF
FRACTIONAL ORDER

GouTaM DAS* AND NILAKSHI GOSWAMI

ABSTRACT. In this paper, we investigate the solvability of an operator equation
involving four operators in the setting of Banach *-algebras using Schauder’s fixed
point theorem. Moreover, we have given an application of our result to the following
functional integral equation of fractional order:

E(t) = g(t & (NI it IPult, E(Wa(1)))) + Bt E(a ()T falt, IP0(t, € ($a(1))))
for proving the existence as well as the uniqueness of the solution in Banach *-
algebras under some generalized conditions.

1. Introduction

Topological fixed point theorems, including the Schauder fixed point principle,
the Leray-Schauder nonlinear alternative, and the topological transversality princi-
ple, serve as powerful tools in analyzing nonlinear differential and integral equations.
These theorems are instrumental in establishing the existence of solutions under spe-
cific compactness conditions, thereby providing crucial insights into the behaviour
of nonlinear systems. Fixed point theorems in Banach algebras was introduced by
Dhage [7] in 1988. After that several researchers (refer to [1], [19], [33]) have devel-
oped different important findings in this field. The term D-Lipschitzian was defined
by Dhage [8] in 2003 by generalizing the concept of Lipschitzian mappings. In 2012,
Pathak et al. [28] defined the concept of P-Lipschitzian mappings and established
some fixed point results with examples. Similar type of fixed point results are done
by Dhage and many other researchers including two operators as well as three opera-
tors (refer to [5], [12], [14], [18]).

In recent years, there has been a rise in interest among researcher to explore qua-
dratic functional integral equations, marking this field as one of the most dynamic
areas within integral equations and functional integral equations. Numerous interest-
ing existence results have emerged, showing the significance of this research domain.
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For an overview of some of the latest findings in integral equations as well as fixed
point theory, we refer to [2,3,15-17,21,22,24-27,29,31,32] and the references therein.

Motivated by these findings, in this paper, we have derived a fixed point result
in Banach *-algebra involving four operators with some generalized conditions. As
an application of this result, we have given an existence and uniqueness result of the
solution to the following nonlinear quadratic functional integral equation of fractional
order:

(1)

E(t) = g(t, E(Wr(8) I fu(t, IPu(t, £(wa(t)))) + h(t, E(Ws(8))) I f2(t, Tu(t, £ (¥a(t)))),
where «, 5,7, € (0,1) with g,h : [0,7] x R — R\ {0}, fi, fo,u,v : [0,T] x R - R
and 1y, 19, V3,14 : [0,T] — [0, T].

2. Preliminaries

In this section, we present the basic definitions and required results for our paper.

DEFINITION 2.1. [20] The Riemann-Liouville fractional integral of the function
f € LY(J) of order o € RT is defined by

)= [ SR s

where z,t € J, T'(.) is Euler’s gamma function, L'(.J) is the class of Lebesgue inte-
grable functions on the interval J = [0, 7.

DEFINITION 2.2. [4] In an algebra A, for z, 2* € A, an involution is a self mapping
on A with z — x* such that

(i) (z+y) =2"+y",
(i) (z*)* = =z,
(iil) (zy)* = yra”,
(iv) (ax*) = aa*
for all z,y € A and for all scalars «, where x* is called the adjoint of x.

An algebra A with an involution is called a *-algebra. A Banach *-algebra is a

Banach algebra A with an involution ‘*’ defined on it.

ExXAMPLE 2.3. [4] Let A be the algebra of all n x n complex matrices and let
a = (a;;) € A. Then A is a Banach *-algebra, where a* = (a;;).

DEFINITION 2.4. [8] A mapping 7" on a Banach space X is called D-Lipschitzian
if there exists a continuous and non-decreasing function ¢ : RT U {0} — R* U {0}
such that

1T¢ = Tnll < o(I€ —nll),
for all £&,m € X, where ¢(0) = 0.

The function ¢ is called a D-function of 7" on X. It is clear that every Lipschitzian
mapping is D-Lipschitzian, but the converse is not always true.
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DEFINITION 2.5. [28] A mapping 7" on a Banach space X is called a P-Lipschitzian
if there exists a non-decreasing function ¢ : Rt — R™ such that

1T¢ =Tl < (]I = nll),
for all £,n e X.

The function ¢ is also called a P-function of 7" on X. Every D-Lipschitzian mapping
is a P-Lipschitzian mapping, but the converse is not true.

EXAMPLE 2.6. [28] Consider X = R. Let the mapping 7": X — X be defined by
Sinf? f Z 07
T() = {

1
T <0
and ¢ : Rt U {0} — RT U {0} be defined by

et, t>0
t: b b
sw-{3 170

Here, T' is a P-Lipschitzian mapping, but not D-Lipschitzian.

For a Banach space X, an operator T : X — X is called a compact operator if
T(X) is a compact subset of X. Again, T is called totally bounded if for any bounded
subset Y of X, T'(Y) is a totally bounded set of X. T is called completely continuous
if it is continuous as well as totally bounded. A compact operator is totally bounded.
However, the converse holds for bounded subsets of X.

THEOREM 2.7. (Schauder’s fixed point theorem, [30]) Let X be a Banach space
over K (K =R or C) and A is a non-empty closed, convex and bounded subset of X.
Then any compact operator T' : A — A has atleast one fixed point.

3. Main Results

Extending the results of Dhage [9] and Pathak et al. [28], we obtain the following
fixed point results involving four operators in the setting of Banach *-algebras.

THEOREM 3.1. Let A be a closed, convex and bounded subset of a Banach *-
algebra X such that if§ € A, then £* € A. Let PR : X — X, Q,S : A — X be four
operators such that
(i) P and R are P-Lipschitzians with P-functions ¢p and ¢g respectively,

(ii)) @, S are completely continuous,

(iii) M¢p(r) + Nor(r) <r,r >0 where M = ||Q(A)|| and N = ||S(A)]],
(iv) [[S€" — S&| < [|Q§ — Q&xl| for every &, &, € A,

(v) € = PEQn + RESn* — £ € A for alln € A.

Then the operator equation & = P£QE + RESE™ has a solution.

Proof. Let n € A and define a mapping P, : X — X by
Py(§) = P§Qn + RESn*, € € X.
Now for &1,& € X,
1P (&1) = Po(&)ll < |1P& — P&|| [|Qnl] + [[RE — R&|| {157
< Mop(||& — &) + Nor([[6 — &) < [[& — &Il
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By hypothesis (iii), P, is a contraction on X and so, there exists a unique fixed point
z € X such that
P,(2) =z,
i.e., PzQn+ RzSn* = z.
By (v) we have z € A.
We define a mapping 2 : A — X such that

Qn =w,
where w € X is the unique solution of the equation:
w = Pw@n+ RwSn*, n € A.

We consider a sequence {7, } in A converging to a point 7. Since A is closed, n € A.
Now,

|1€2, — Q| < || Py Qi — PQnQn|| + || R Sy, — RS’ ||
< |[PQ0.Qnn — POQnul| + || PQQny — PQnQn||
+ [ RS0 Sy, — B S| + [[RQ0 Sny, — RO Sn”||
< |[PQnn — POnl[ [|@nal| + [[PQ0]] [|@nn — Qnl|
+ [[RSmn — RQ|| [[Smy || + [[RS!]] ]Sy, — Snll.
Since, Mop(r) + Nog(r) < r, r > 0, there exists A € (0, 1) such that
Mop(r) + Nog(r) = Ar.
Then the above inequality becomes
19, — il < N[ — Qpll + 1P| (1@ — Qnll + || RS 1S, — S
Taking limit superior as n — oo on both sides of the above inequality we get,
lim sup ||Qn,, — Q|| = 0.
n—»00
This shows that €2 is continuous on A. Now we show that P, R are compact operators
on A. For any w € A we have
1Pul| < ||Pall + [|Pw — Pal|
< ||Pal| + af|lw — ]
< ¢,

where ¢; = ||Pal| + a diam(A) for some fixed a € A and diam(A) = sup{||{ — ]| :

§n €A}

Similarly, |||Rw|| < c; where ¢y = ||Rb|| 4+ diam(A) for some fixed b € A.

Since, @ is completely continuous, Q(A) is totally bounded. Then there exists a set
Y ={n,m2,...,nn} in A such that

MMCU&m%

where z; = Q(n;), 0 = (%)5 and Bj(z;) is an open ball in X centered at x;

of radius 6. Hence, for any n € A we have an 7, € Y such that

H@n—QmH<(1‘“”4+ﬁN§a

1+
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Now,
19 — Qni| < |[PwQn — PwiQni|| + [|RwSn* — RwSny|
< [|Pw@n — PwgQnl| + [[Pwr@Qn — PwiQnyl|
+ [|[RwSn" — RwpSn*|| + || RwiS1™ — Rwy S|
< ||[Pw — Pwg| [|@n[| + [[Pwg| [|@n — Qny|]
+ |[Rw — Ruwg|[ |[Sn*[| + [[Rwg]| [[Sn™ — Sngl|
< (aM + BN)||lw — wi|| + (c1 + e2)[|@n — Q||

Cc1 + Co

< E.

<

This is true for every n € A and so

Q(A) C U B (w;),

619

where w; = Q(n;). Hence, Q(A) is totally bounded. Since € is continuous, it is a
compact operator on A. Now applying the Schauder’s fixed point theorem, {2 has a

fixed point in A.Then

§ = Q¢ = P(QEQS + R(QE)SE™ = PEQS + RESET,
and so, the operator equation & = PEQE + RESE* has a solution in A.

]

REMARK 3.2. Taking P as a D-Lipschitzian mapping and R = S = O (zero
operator), our result reduces to the Theorem 2.1 of [10], in the setting of Banach
algebra. Again, considering X as a unital Banach algebra with unit element e, and

S(€) = e for all £ € A, we get Theorem 4.1 of [28].

THEOREM 3.3. Let A be a closed, convex and bounded subset of a Banach *-
algebra X such that if ¢ € A, then £* € A. Let PPR: X — X and Q,S : A — X be

four operators satisfying
(i) P and R are P-Lipschitzians with P-functions ¢p and ¢ respectively,

(ii) <ﬁ> exists on Q(A), where [ is the identity operator on X,

(iii) Q, S are completely continuous, and
(iv) Mop(r) + Nog(r) <r,r >0 where M = ||Q(A)|| and N = ||S(A)|].

(v) Q¢ = S&* for any & € A.
Then the operator equation PEQE + RESE* = & has a solution in A.

Proof. Define an operator T': A — X by

= (PiR)_lQ’

Since by (ii), (ﬁ PiE

Now, we show that
I

A)C (——)(X).
Q) € (575)X)
Let 7 € A be fixed and define an operator P, on X by

P,(&) = PEQn + RES™, € € X.

-1
exists on Q(A), the composition ( L > Q) exists on A.
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As in Theorem 3.1, P, is a contraction on X and so, there exists a unique fixed point
z in X such that

z = PzQn+ RzSn".
Using (v), we get,

z=(Pz+ Rz)Qn

i.e.,Qn = (PiR)z.

Thus, the operator T is well defined.

-1
Now, we show that <ﬁ> is continuous on Q(A). Let {&,} be a sequence in Q(A)

with &, — £ as n — oo.
For each n, we take

( . >_1(§n) =0, = &P+ &R, = 1.

P+R
Let
I -1
(P+R) () =n = EPn+ERn=n.
Now,

1 = 11l = 1| P + Ea By — P — §Rn]|
< |[&n P — EPN[| + [|§nRnn — R
< ||&a P — EaPl| + |[§n P — EP| + |6 R — §a Bl + |[§n R — R
< [&all 1P — Pl +[Pnll 1€ — &Il + 11&all [|1Bnn — Ral| + [[Rnl] €, — €]
< Mop([lnn = nll) + 1Pl 1€ = &Il + Nér(llna — nll) + [[Bnl] [1€ — €]I-

Hence

lim sup |7, — nl| < Mp(limsup ||n, — nl[) + Nog(limsup |5, — nl]).

If lim sup [|n, —n|| > 0, we get a contradiction to (iv). Therefore, limsup ||n, —n|| =0

and so,

tim (=) @)~ () @l =, —nll =0

-1
I

Hence the operator is continuous on Q(A). Since T is a composition of

P+R
continuous and a completely continuous operator, so it is completely continuous on
A. Hence by Schauder’s fixed point theorem we get the solution. O

4. Application

In this section, we show the existence of solution of the functional integral equation
of fractional order given by (1). For this, we consider the following conditions:

(Cy) The functions g,h : [0,7] x R — R\ {0} are continuous and there exist two
positive functions L(t) and K (t) with norms ||L|| and || K|| respectively, such that

l9(t, ) = g(t,y)| < L{t)|z —y| and |a(t, 2) = h(t,y)| < K(t)]z —y|
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for all t € [0, 7] and x,y € R.

(Cy) The functions fi, fo,u,v : [0,7] x R — R are measurable in ¢ for any £ € R and
continuous in £ for almost all ¢ € [0,T]. There exist functions a(.), b(.),c(.),d(.),m(.)
and n(.) such that

[[1(, )] < alt) +0(1)[E], [ult, E)] < m(t)
and
|22, &) < e(t) + d(B)[E], [v(t, &7)] < n(t) for all (¢,€) € [0,T] xR,
where a(.),c(.),m(.),n(.) € L' and b(.),d(.) are measurable and bounded. Also,

Ia(.) < My, 17'm(.) < My and IPc(.) < Ny, IPn(.) < Ny,

for all vy < a, 75 <~y and ¢ > 0.
(C3) There exists a number r > 0 such that

G<M1F(Lﬂ1 + HbHMzir(Ta%ﬂl )+H<N17F(T7ﬂ2 5+ HdHN%(TVMiV2 )

a—y1+1) a+f—y1+1) y—y2+1 Y+0—y2+1) ,
o a+pB— — 5— — Y
I (M o M sy ) = I (N iy o el Ve 575 )
where G = sup |g(¢,0)|, H = sup |h(t,0)| and
te[0,7T] te[0,T]
T Tat+B-—m
L)) (My———— + Ipl|M )
T2 T+0—2
KN (M + Il ¥ )<1
S L EE T ey

(Cy) The functions fi, fa,u, v defined above satisfy
D (1f2(t 10t € (0a(8)))) = falt I°u(t, i (s(0))])
< 17 (1At PPt €Wa(0)) = it IPult, &(wa())])
(Cs5) 9 : [0, T] — [0,T] are continuous functions with ¢,;(0) =0,i=1,2,3,4.

THEOREM 4.1. Assume that the conditions (C) — (Cs) hold. Then the nonlinear
functional integral equation of fractional order (1) has atleast one solution defined on
0, T7].

Proof. We consider X = C(J,R) with J = [0,T] and define a subset A of X such
that

A={e X |l <r},
where r satisfies the first inequality in (C3). Clearly A is closed, convex and bounded
in X.
Now we define four operators; P,R: X — X and @, 5 : A — X by:

Pe(t) = g(t,e(n(1))), Q&(t) = I*fi(t, TPu(t, §(¥2(1)))), RE() = h(t,&(¥s(t))) and
SE(t) = IV fo(t, IPv(t, £(2p4(t)))), where t € J, € € X.
Then the integral equation (1) can be written as:

E(t) = PE(LQE(L) + RE(H)SE (1), t € J.
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We show that P, (), R and S satisfy all the conditions of Theorem 3.1.
Step 1: We first show that P and R are D-Lipschitzian on X. Let £,7 € X and
using (Cy),

|PE@)—=Pn(t)] = [g(t, (41 (8)) =gt n(r(0)))] < L(E) (€1 () —n (1 ()] < |ILI|IE=nl|

which implies that, ||P¢ — Pn|| < ||L|| ||¢ — n|| for all {,7 € X. Hence P is D-
Lipschitzian on X with D-function ¢p(t) = ||L||t, t € RT. Similarly, we can show
that R is also a D-Lipschitzian on X with D-function ¢g(t) = ||K]|[t, t € RT.

Step 2: We show that @ is continuous on A. Let {&,} be a sequence in A converging
to a point £ € A. Let us assume that ¢ € J and since u(t,£(¢)) is continuous in X,
then wu(t,&,(t)) converges to u(t,&(t)). Then by Lebesgue dominated theorem and
using (Cy), we get,

lim [%u(s, & (¥2(5))) = I7u(s, E(¥a(s))).

n—oo

Since fi(t,£(t)) is continuous in X,
lim Qg (t) = lim I*fy(t, Iu(t, &(¢a(1)))) = I fo(t, Tu(t, €(v2(1)))) = QE(1).

Hence, Q&, — Q& as n — oo uniformly on R™ and so @ is continuous operator on A.
Next we show that () is a compact operator on A. Let £ € A be arbitrry. Proceeding
as in Theorem 3.1 of [2] and using (Cy) we have,
a—m1 ; To=B—m "

|| < My ————— +||b|| M. = k.
Thus, ||Q&(t)|| < k for all £ € A. Hence, @) is uniformly bounded on A.
Now, we show that Q(A) is equicontinuous on X. Let ¢1,t, € J and £ € A. Without
loss of generality, let ¢; < to. Then as in Theorem 3.1 of [2] we get,

|15 — 1 — 2(t2 — t1)°| |ty — 18 =2ty — )77
to)—QE(t)] < { }-1— b M{ }
Therefore, for € > 0, there exists o > 0 such that

ity — 11| <& = |Q&€(t2) — QE(t1)| < e,

for all t1,t2 € J and £ € 4. Hence Q(A) is equicontinuous in X and so, it is compact.
Thus @ is completely continuous on A.

Similarly, S is also completely continuous on A.

Step 3: Let £ € X and n € A be arbitrary elements such that & = PEQn + REST*.
Then

€@ < [PE@)] [@n(t)] + |REWD)] [Sn* (D))

— 5)™ 1
< lo(t. &) [ ’}(ifl(s Pou(s, n(wa(s)))lds

+ !h(t,f(lbg(t)))l/o }Tlfz(s (s, 7" (Ya(s))))lds

s\ 1
< {lote. &) 900,00 +1a(0.01} [ LT o) + b o vt s

(«

)
{1t 600a(0) = bt 00 + 000} [ I fels) 4 )o@t s
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< {1t e+ 6} [ LI o) + o) Pms) i
(il et + 1} [T fets) 4 do) i) s

< A{lILllrs + GHIa(t) + |[pl| 7% m(t)} + {||K]lrs + HHD e(t) + ||d| 17 n(t)}
<ALl + GHIO T Ia() + [[bl[1FP 7 I m(t)}
Kl + HHD ™2 02e(t) + [[d] [0+ 12n(t)}

t _ a—mi—1 t _ atfB—m—1
< (i +ovon [ CE s e [ 2 )

(1K ||r, + H}N i) A ||| t(t_s)w_%ld}
+ {||K||r1 + 1/ ——ds + 2/ S
o T(y—m) o F(y+6—2)
o () m . (s)°+7m
<Al|L||r1 + GHM| " + ||b]| M
S AllEllr+ GHM ==y + M =
Kr + Hy (N Ny O
+ ri+ —+
QI H Ty =2 +1) 4l 21“(7—1—5—724—1)}
Ta—7 . TatB—m
<A{||L||r1 + GH{M) —— + ||b|| M.
S AllEllr+ GHM ey + M ==y
K AN " dl Ny
+ ri+ —+
Ll H Ty =2 +1) 4l T +6—72+1)
So,
Ll + Gy — iy
r1 < {||L|jry + —
v ALl + O ey I e o
TN TY—2 I Ty +0—72
+{|IK]||r1 + —_——+
Ul s+ HH Ty -7 +1) 4l T(y+6 - +1)
Lo S + I ) + H (M + e )
LA a-7 atB-7 Y2 Y+S5—72
L= (M e + Il e ) — IR (M o Ve w5 )

Taking supremum over ¢ and using (C3) we get,

@I <7

Hence, & € A.
Step 4: Next we show that Mop(r) + Nor(r) < r, r > 0. From step 2 we have,

a-m To+B-m
Ta—mt1) Hb||M2r(a+ﬁ —m+1)
In a similar way, we can show that

T2
Ly =7 +1)

M = [[QA)|l < My

TV+H0—r2

(Y+0—mr+1)

N = (IS < Ny + 1l Na

Using (C3) we get,
Mop+ Nor <1,
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with ép = ||L]] and o5 = ||K]|.
Step 5: Finally we show that ||[S&* — SE&|| < ||Q€ — Q&| for every &, &, € A.
Now, by (Cy),

1SE(1) = SE0] < I (11l Polt, € (Wa(0) = ol Po(t, G (en(0))])

< |1 (At Pult €@a)) = filt Pult, &) )
— Q&) - Q& ()]

Taking supremum over ¢, we get

186" = S& I < Q€ — Q&I
Hence all the conditions of Theorem 3.1 is satisfied. So the operator equation £ =

PEQE + RESE* has a solution in A and hence the functional integral equation of
fractional order (1) has a solution in J. O

Uniqueness of the solution:

Let us consider the following condition:

(Cs) Let f1, f2 1 [0, T] xR — Rand u,v : [0,7] xR — R be continuous functions satis-
fying the Lipschitz condition and there exists the positive functions 4 (t), Qa(t), ©1 (1),
O (t) with norms ||Q]], |||, ||©1]] and ||O2|| such that

|f1(8,8) — filt, )] < Q)€ —nl, |ult,§) —ult,n)| < O:(t)[€ — 1
and
|f2(t.&) = falt,m)] < Qa(B)|€ —nl, |u(t, &) —v(t,n)| < ©2(1)[€ —nl,

for all t € [0,T] and &,n € R, where F; = sup |fi(¢,0)], F» = sup |f2(¢,0)],
te[0,T] t€[0,]

U= sup |u(t,0)] and V = sup |v(t,0)].

te[0,T] te[0,T]

THEOREM 4.2. Let the conditions of Theorem 4.1 be satisfied with replacing (C)
by (Cs). Then the solution of the equation (1) is unique, if

a+p @
(HLH(HQlHF(T—(H@lH l€ll+0) + Py =)

a+f+1)
Ta+p
I el + @il 101 55
T7+(5 T
IRl gy el el + ) + B )

T'y+5
K )| Ol | <1
+ (TSN + H)82]] ] 2llm+5+1)

Proof. 1f possible, let the equation (1) has two solutions £ and 7. Then
§(t) = ()|
< gt & (NI fr(t, PPult, E(Wa(1))) — gt n(r ()T fi(t, T7ult, n(¥2(1))))]
+ [t EWa (D)) folt, T0(t, € (4 4(t))))— (t (s () fa(t, Pv(t, 0" (Va(t))))]

I3
< Jg(t, €061 (1)) — gt n(¥1 (1)))] / 9 1 (s, s, €(0in(s)))Ids
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_ S)afl

')
+mmaww»—MumwmmA

| fr(s, TPu(s, €(v2(5)))) — fu(s, IPuls, n(va(s))))]

(t—s)7 !
L'(v)

= %|ﬁﬁ51”NS€WM@DDh@?ﬁv@ﬂﬂwdﬂﬂﬂ

(t =)~
I(a)

+ 19(t,£(41(1))) — g(t,0) + g(t,0) I/ e Iﬂl ) 1Pu(s, E(a(5))) — IPu(s, n(v2(s)))lds

+w@ammmé(t

| fals, I0(s, €(va(s))))|ds

+mwa%m»4(t

|f1(8 IPu(s,€(y2(5)))) — f1(5,0) + f1(s,0)|ds

< L) [ (t) — <w&m/

+ K ()] €(Ws(t) — n(ts(t) I/ 1t_;b“z(s I°0(s,£(4a(s)))) — fa(5,0) + fa(s,0)|ds

+ [h(t, €(s(t))) — (s)] [°0(s,&(¥a(5))) — Iu(s, m(va(s)))lds

< |L@)] 1€ (t) — n(¥a(t |/ |Q1 ()| 1% u(s, £( (s)))|+F1)ds

Bs—1

+ (1) et n+40/'“}2) 1&|/ D . 60(0)) — (a9 s

+ K ()] \g(%(t))fn(wz(t))l/o (tp(i);

+ﬂmmwmmw@/ P oo [ 5
a 1 S (g— B—1
< Izl JlE - w|mm/ A( D (10,(p)] [E@Wa(p)] + U)

INE)
t _ Na-—1
+ /0 %Flds)dsdp

(mxnﬂws<<mn+&ﬁs

Iv (, §(a(p))) — v(p, n(Ya(p)))|dsdp

(@)
a 1 S (g — B—1
0@HMH+GMMMH@M/’ [ e — vl sy
-1 S (g 6—1
Il i mi (el [ A( (10200 1€ ) + V)
(t—
—1—/0 ) ngs)dsdp

s [ s p)
+ (1 il + 1)l el | e [ B (o) = ntvato) sy

Toc+5 T
<1121l =l (19 gy 1O I+ 0 + i)
Tat+s
+ (LI 1111+ Gl ] ||91||m\|5 — 1|
TY+6 T
UK =l (19l 55y (10l IEll + V) + P —5)
TYV+S
+ (K| 1€+ H)[I2]] ||@2||m||§ =l
Taking supremum over ¢ we get,
Ta+3 T
IﬂﬂﬂSQMMKM@Q+B+UM&HMWHD+HFW+D)



626 G. Das and N. Goswami

Toa+B
I el + Sl 0555y
TV+6 T
(19l 5 g5 (1211 €1+ V) + Pog )

TV+8
+ (KN + H)[$2|] |I®2IIW> 1€ = nll

Hence the solution is unique. O

5. Conclusion

For nonlinear differential and integral equations, fixed point theory offers powerful
techniques for establishing the existence and uniqueness of solutions. In this paper,
we have derived a fixed point result using four operators in Banach *-algebra which
generalizes different existing fixed point results in the setting of Banach algebra. Also,
we have applied our result to solve a functional integral equation of fractional order
which shows the existence and uniqueness of the solution. In [2], Alissa et al. derived
an application regarding fractional hybrid differential equations using fixed point the-
orem of Dhage [9]. In [21], Metwali et al. gave an application to prove the existence of
solution for an initial value problem of fractional order using Darbo fixed point theo-
rem associated with the fractional calculus and measure of noncompactness. Similar
applications of our results can be investigated to some other types of functional inte-
gral equations and hybrid differential equations of fractional order as well as integral
inequalities involving k-fractional order integral operators (refer to [6], [23]).
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