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FINDING THE NATURAL SOLUTION TO f(f(z)) = exp(z)

WILLIAM PAULSEN

ABSTRACT. In this paper, we study the fractional iterates of the ex-
ponential function. This is an unresolved problem, not due to a lack
of a known solution, but because there are an infinite number of so-
lutions, and there is no agreement as to which solution is “best.” We
will approach the problem by first solving Abel’s functional equation
a(e®) = a(z)+1 by perturbing the exponential function so as to pro-
duce a real fixed point, allowing a unique holomorphic solution. We
then use this solution to find a solution to the unperturbed problem.
However, this solution will depend on the way we first perturbed the
exponential function. Thus, we then strive to remove the dependence
of the perturbed function. Finally, we produce a solution that is in
a sense more natural than other solutions.

1. Background

The problem of fractional iteration dates back to 1826 with Niels
Abel [1], and expanded upon by Ernst Schroder [11] in 1871. In order to
solve the equation f(f(x)) = g(z) for general monotonically increasing
functions g(z), Abel considered the functional equation a(g(z)) = a(z)+
1. If a(z) is a monotonically increasing solution to this equation, then
a~!(z) is well defined, so we can produce the function f(x) = o™ (a(x)+
1/2). Then f(f(z)) = a Y(a(z) + 1) = g(z), so we have found the
“half-iterate” of a function. Similarly, we can find fractional iterates of
functions using the solution a(z). In fact, solving for a allows us to solve
many functional equations involving f(x). [8]
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The problem is that Abel’s solution is far from unique. Not only
can we add an arbitrary constant, but if p(z) is any periodic function
of period 1 such that p/(x) > —1, then a(x) + p(a(x)) will also be a
solution to Abel’s equation. (The condition p/(z) > —1 assures us that
the new solution will also be monotonic.)

In order to get a unique solution, we have to consider functions g(z)
which have a fized point. We say that xy is a fixed point of g(x) if
g(xo) = xo. Then if s = ¢'(xy) > 0 and ¢'(x¢) # 1, we can solve the
Schroder equation

o(g(x)) = so(z).
In fact, if g(z) is analytic at zy, with a Taylor series of

g(x) = xo+ s(x — xo) + as(x — :CO)2 + az(x — :170)3 4o

then there will be a unique solution to the Schroder equation analytic
at xo [6], normalized so that o’(x¢) = 1. Its series is given by

2) = (z—1x0) — —2—(x — x)? 205+ (1 = s)as T — 1)
" 5 3( 3 20) 28<8_1)(5 2 01) J;s(53—1)(52—21)< !
+(s— s* —2s)agag — (5s” + 1)as + (s° — s* + s _S)a4(9§—x0)4

(s —1)(s2—=1)(s> = 1)
1+
Note that the nth term of the series for o(z) only depends on the first
terms up to a, of g(x).
It is easy to convert a solution to Schréder’s equation to a solution to
Abel’s equation. If we let
_ In(o(x))

) =0

In(o(g(x))) _ In(so(x)) _ In(o(z)) +In(s)
alg(z)) = In(s) - In(s) - In(s)

If we use the normalized solution of Schréder’s equation, we get

=azr) + L.

alr) — In(z —xo) asy -
(@) In(s) s(s—1) ln(s)( 0)

2a3(s — s?) +a3(3s — 1)

t G D= Dings) &%)
N (a§(452 — 108 + s — 1) + 3agaz(4s? — 3s® — 25% + s)
3s3(s —1)(s2—1)(s®> — 1) In(s)
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Bay(st — s° + 53 — s?)

NG R Y 1n<s>) (& =)

Note that «(x) is discontinuous at the fixed point z(, which is to be
expected from observing Abel’s equation. Yet the series will converge
with a positive radius of convergence, so a(z) — In(x — z¢)/In(s) is ana-
lytic in a neighborhood of xy. But there is a simple trick for analytically
extending this function to a much larger region.

If 0 < ¢'(x0) < 1, then zq is called an attractive fixed point, since for
points sufficiently close to g, g(xo) will be closer. The basin of attraction
of xq is the set of points for which the sequence

{z,9(x),9(9()),g(g9(g(x))), ...}

converges to xo. For any point in the basin of attraction, there is some
iterate of x which is within the radius of convergence of Eq. 1. Then
since

o(gn(z)) = s"o(x),
where g¢,,(x) denotes the nth iterate of g(x), and the left hand side is
defined from Eq. 1 and is holomorphic, so is the right hand side. A
similar approach can be used if ¢'(xy) > 1, except we consider the set of
points for which

{2, 97 (x),97 (¢ (), 97 (g7 (g " (2))),... }

converges to zg for an appropriately defined g~!(x). We can call this set
the basin of repulsion.
If ¢'(zg) = 0, the fixed point at xg is called superattracting. In par-
ticular, if
g(z) = x0 + c(z — 20)" + O((x — x9)m + 1)
for m > 2, then we can find an analytic solution [10] to Bdttcher’s
equation

Blg(x)) = (B(x))™
in the neighborhood of the fixed point, with 5(z¢) = 0. If we then let
o(x) = In(B(x)), then o(x) will solve Schréder’s equation with s = m,
although this introduces a logarithmic singularity at zy. Finally, letting
(o) = (@) _ In(n(3(a)

Ins lnm

would give us a solution to Abel’s equation.
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In particular, if g(x) is a polynomial of degree m > 1, we can consider
the point of co to be a superattractive fixed point, using the transfor-
mation x = 1/t. If g(z) = ap + a1 + axx® + - - - a,, ™ for m > 4, then
f(x) can be given [2] by the Laurent series

(1 —=m)aZ,_; + 2mam,am—2

Bla) = "VYam|z + Iy

My, 2m2a? x
(2m? —3m+ 1)a’,_; + 6(m — m?)anam—_1am_2

6m3a3, x?

(2) 6m2a%am_3 - ] ‘
6m3a3 x?

Schroder’s equation can only be applied to a function with a fixed

point, because the derivative at the fixed point is part of the equation.

However, we can remove the dependence on s by considering the function

o(x)
o'(x)Ins’

Ax) =

Then since

o'(g(x))Ins  o'(g(x))g'(x)Ins a so'(x) Ins”
we find that A(z) solves Julia’s equation \(g(z)) = Az)g'(x) [4]. At

either an attractive or repulsive fixed point, this produces an analytic
solution of Julia’s equation in the neighborhood of the fixed point:

= Imfs r — X Ll’-l‘ 2 2(Sa3_ag> r — X 3
A@>1;>h 3022@;1p( 3”g*g—1p%&+n( )
PN CLER E S R Lo IV

(s—=1)s3(s+1)(s?+s+1)

However, this is not the only analytic solution, since multiplying this
solution by a constant yields another solution. It is trickier to normalize
the solution to Julia’s equation, since to reconstruct a solution of Abel’s
equation from A(z), we find that

a(x):C'/ﬁdaz
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for some constant C'. If we normalize the solution to Julia’s equation so

that
g(x) 1
— dr=1
/x Na) @

for all z, then letting C' = 1 will allow a(g(z)) = a(z) + 1.

2. Previous Attempts

Finding the fractional iteration of e” is related to the tetration prob-

lem, for which we define "a = a® , for which the a appears n times. To
extend the idea of tetration for fractional n, we need to find the frac-
tional iterates of g(x) = a®, in particular, the inverse to Abel’s function
a(z). Although a® has a real fixed point for a < e/, there are no real
fixed points for a > e'/¢. Hence, we cannot directly use the methods of
Schroder and Abel to find fractional iterates of a”. It is best if we first
concentrate on the fractional iterates of e”, with hopes of extending the
ideas to other a” later.

One of the earlier attempts to find a fractional interations of e” is by
Kneser [5], using the complex fixed points of e, in particular two ap-
proximated by 0.3181315052 + 1.3372357014¢. If we compute the holo-
morphic solutions to Schroder’s equation centered at one of these fixed
points, we can create a solution to Abel’s equation for a portion of the
complex plane, which unfortunately is not real on the real axis. How-
ever, Kneser was able to find a conformal mapping which converted this
to a real analytic function that also solves Abel’s equation. Because this
solution utilizes the Riemann mapping theorem, it is extremely difficult
to evaluate numerically. At least it does prove the existence of a real
analytic solution. In [12], Kneser’s solution was proven to be the unique
solution that satisfies a certain uniqueness criterion.

The naive approach is to assume that a(z) has a Maclaurin series of

the form
Z b,z"

and force the Maclaurin series for (e“") a(x)—1 to be term-wise equal
to 0. We can assume that by = —1 (so that «(1) = 0), and we find the
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other coefficients satisfy

11 1 1 1 - by 1
02 3 4 5 .. by 0
1 2 9 16 25 .- by 0
1 8 21 64 125 --- | o = |0
1 16 81 232 625 --- bs 0

The general pattern for the matrix is m;; = 7! — j16;_1;, where ¢ is

the Kronecker delta. This gives us an infinite number of equations with
an infinite number of unknowns, which generally has an infinite number
of solutions. If we truncate the matrix to an n by n matrix, we will
get n equations with n unknowns, which can be solved to produce an
nth degree polynomial. But do these polynomials converge to a single
function?

At first the polynomials seem to converge to a function

a(z) ~ —140.915946052 + 0.249354612% — 0.1104647 2>
— 0.093936272% + 0.0100031z* 4+ 0.0358979°
+ 0.00657362° — 0.0123067z" — 0.00638988z° + 0.0032733°
(4) + 0.00376912' + .- |

but apparently the individual coefficients do not settle down beyond 7
or 8 places. Each polynomial solution gives an excellent approximation
to a solution to Abel’s equation, but the polynomials are not extremely
close to each other. Actually, this is not surprising, since there are an
infinite number of solutions to Abel’s equation, so there is no reason for
the polynomials to approach one particular solution.

We have a little better luck with Julia’s equation. If we force the
Maclaurin series

AMz) = f: "
n=0

to satisfy A(e”) = A(z)e”, we find that, if we assume ¢y = 1, the other
coefficients satisfy
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1 1 1 1 r .- c1 0

0 2 3 4 5 .- Co 1

-1 2 9 16 25 --- C3 1

-2 2 21 64 125 --- | el — |1 |
4 1

o7 232 625 --- Cs

where this time the pattern for the matrix is m;; = j*= ' — (i — 1)!/(i —
j—1)!. This time the polynomials seem to converge to at least 16 places.
We then find that

Mz) =~ co(1 — 0.54447441943280002x + 0.658257848047694222.°
— 0.1451722288407062> + 0.03924018491045222*
— 0.00927629422018732° + 0.001548194089045252°
— 0.00012365505315232" + 0.000008695800797832°
— 0.00001146743121722° + 0.00000225232705059:1°
+ 0.0000013297632729z — 0.00000025466783642:2
(5) — 0.0000002577929106112"% + 0.0000000285251852z™ + - - -)

We can then numerically compute the value ¢y ~ 1.091767351258320992
such that [ 1/A(z)dz = 1.

Unfortunately, it would be very difficult to prove that as we let n —
00, the coefficients of the solutions converge to a single solution. Even if
they did, there would be a limit to the precision we could obtain simply
because of the complexity of solving n equations with n unknowns. So
although this seems to give us a natural solution that we are looking for,
it is impractical to use.

Another approach given in [13] is to consider the function e*—1, which
does have a fixed point at x = 0. Unfortunately, this fixed point is sems-
stable, since iterating negative values get closer to the fixed point, but
iterating positive values get further away from the fixed point. Schroder’s
equation does not work for the case s = 1, but for Julia’s equation, we
can take the limit as s — 1 of Eq. 3 to obtain

3&% — 5&2(13 -+ 2@4

Mz) = ag(x—20)* +(ag—a3) (x—z0)> + 5 (z—z0)*+---
We can then plug in the coefficients for e — 1 to produce

2?2 23 2t S 1128 27 1128 2929 493210
AMa) ~ ———+ + + +

2 1248 180 8640 6720 241920 ' 1451520 43545600
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asx — 0.

It should be noted that this series actually has a zero radius of con-
vergence, hence it is written as an asymptotic series. Such series are not
useless, since they can be converted to a form that is convergent. For
example, we can convert the series into a convergent continued fraction

@:%2/(1+%/<1+%/<1 20/(1_19_36 <+43792;
(1_8249x (1+
62776

We can compute ¢ (z) = [ 1/A(x) dz to be

() 2 N In(z) = N z? N 73 71zt N 8759x°
)~ —— S — —
T 3 36 540 7776 435456 163296000
(6) n 310 18331127 n o
JR— « e . aS x
20995200 16460236800 ’
which converted to a continued fraction is
2 Inz 49x 84251
BN T
vlz) = -2+ 3 < 15 AN * 12318
(7) (1- Tamae /
693546000

Then for z > 0, ¢(x) will satisfy

" —1) = p(a) + 1.

It is known from [3] that since log(z + 1) is analytic in a neighborhood
of 0, then there will be a unique solution v in a neighborhood of 0 that
has the asymptotic relation in Eq. 6.

Of course this is not exactly the equation we are trying to solve. But
we can argue that there is a unique a(z) solving a(e”) = a(x) + 1 such
that a(x) ~ ¥(z) as © — oo. It is easy to extend 1 (z) analytically
to the positive real axis, since this axis is in the basin of attraction of
In(xz + 1), the inverse of e* — 1.

Now, for a given x, we can compute a(z) by noting that

a(m):a(ez)—lza(eex)—Z—a< )—3—
If we express the iterated exponential function as exp™(x), we have that

a(zr) = alexp™(z)) —n for all n.
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Since we are assuming that a(z) ~ ¢ (x) as © — oo, we have that

(8) a(x) = lim ¢(exp”(z)) — n.

n—oo

By defining a(x) in this way, we get a unique solution to Abel’s equation
for which a(z) ~ 1(x) as x — oo. We also find that this « is real analytic
for real x.

With this definition, we find that «(1) ~ —1.4419775343579015. But
we can add a constant to « so that (1) = 0. This way, the inverse
function a~!(z) solves the tetration problem. The graph is shown in
Fig. 1.

Although this solution is often used, there are some drawbacks to this
method. First of all, it is inconsistent with the “natural” solution given
in Eq. 5. In this version, we find that a(1/2) — «(1) &~ —0.498498375,
whereas using Eq. 8, we get «(1/2) — a(1) ~ —0.497732466. Also, it
is time consuming to calculate ¢ (x) accurately. The main strategy for
computing ¥ (x) is to repeatedly apply In(z + 1) until the argument is
close to 0, and then use the power series or continued fraction. However,
it takes about 10000 iterations of In(z + 1) to get the argument to less
than 0.0001, because of the semi-attractive fixed point. Also, try this on
other exponential functions, such as a® — 1, we find that this the fixed
point at 0 switches to an attractive fixed point when a < e, resulting in
a discontinuity in the a variable if we compute the tetration.

Yet another solution is described in section 8 of [7]. If we inductively
define

ho(z) = =, ho(x) = 2 + "1 @D for n > 0,

then the sequences h,(z) rapidly converges to a function he(z), which
has a growth similar to tetration. We then define

Joo() = lim exp™"(hoo(x + n)).

n—oo

Finally, o, (7) = g (x) solves Abel’s equation. Although calculating
Jo 1s fairly easy, it is difficult to calculate the inverse function. Like the
previous solution, we are using the “helper function” h..(x) which solves
a similar functional equation to Abel’s equation, and then use this to
find a solution to Abel’s equation with the same growth rate as x — oo.
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FIGURE 1. Graph of a(z), solving a(e”) = a(z) + 1

3. Perturbing the problem

Our strategy is to solve a slightly different problem that is much
easier. We consider adding a small perturbation €(x) to the exponential
function so that e + ¢(z) will have a real fixed point. We require the
following properties to hold for €(z):

e(0) = —1.

¢(z) is analytic for all real numbers.
€'(x) >0 for all x > 0.

lim e(z) = 0.

T—00

Examples of such functions are —e® and —1/(z + 1) for any pos-
itive constant a. These four properties will make x = 0 a fixed point
for g(x) = e* + €(x), with ¢’(0) > 1. Also, g(x) will be real analytic
and monotonically increasing, and asymptotic to e as x — oo. These
are precisely the properties needed to ensure that Schroder’s functional
equation for g(x) has a unique normalized solution in the neighborhood
of zero, and can be analytically extended to the positive real axis. If we
convert this solution to a solution of Abel’s equation, we can call this
new function ¥(x). Thus, we have

B In(x)
~In(1 +€(0))
We can now use this function to solve the main equation, namely

a(e”) = a(z) + 1. If we assume that a(x) ~ ¥(z) as © — oo, we will
produce the unique solution «.(x), given by

Ye(e” +e(@) =ve(z) +1,  Ye(x) +O(x) as © — 07
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(9) O[E(CL’) = 11_)11’1 ¢€(6Xpn($)) - n.
Furthermore, since v.(¢g7*(z)) = ¢.(x) — 1, we also have that
(10 () = Tim (g7 (exp" ()

This will be a solution to Abel’s equation, but it will depend upon
the perturbation function e(x). The goal is to eliminate this dependency.
We will first demonstrate that the function a.(x) only depends on the
local behavior of €(x) near the fixed point. To do this, we need a way to
compare two solutions of Abel’s equation.

We already observed that if «(z) is one solution to Abel’s equation,
then a(x) 4+ p(a(x)) will also be a solution for a periodic function p(x).
Given two solutions to Abel’s equation, a., and a,, we can compute the
periodic function relating the two by

p(z) = aq (o' (z)) — =

x 2z

For example, if €(x) = e and ey(x) = e=**, we produce the periodic

function shown in Fig. 2.

—0.19040 4
—0.19045
—0.19050 A
—0.19055 A

1 2

FIGURE 2. a, (o' (x)) — x is periodic.

The difference between the peaks and the troughs is small in Fig. 2,
about 0.000171. This gives us a way to measure the difference in the
solutions of ag, (z) and a.,(x). However, this method will give a slightly
different result if we interchange the roles of €; and e,. Rather, we can
use the fact that since p(x) is periodic, then so is

al (a2l)

In(p’ )=In|—+—22).
a@/e) + 1) =t (22 )

€2 €2
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Now interchanging a., (z) and «,(z) will negate this expression, plus
evaluate it at ., (a_'(z)). Thus, the difference between peaks and
troughs of In(p’(x) + 1) is independent of the order of €; and €. If we let
this difference be d(ay, , ac,), then we have a metric on the set of normal-
ized C solutions to Abel’s equation. (The triangle inequality is an easy
consequence of the variance of the sum of two periodic functions can be
no more than the sum of the individual variances.) We can refer to this
as the log ratio metric. In the example above, d(ae,, ae,) ~ 0.0010724.
Note that the solution given in [7] does not have a continuous derivative,

so this metric could not be used for this solution.

4. Exploring the Local Behavior

In order to show that the effect of perturbing the problem by €(x)
only depends on the local behavior of €, we can try the perturbation
trick on a polynomial. Let T}, be the m-th degree Taylor polynomial of
e’ centered at 0,

i=0
The goal is to solve Abel’s equation for T;,, for m > 1 instead of e*. That
is, we will find a solution to

A(T,,) = A(x) + 1.

We will again perturb this by the function €(x), where €(0) = —1, ¢ (x) >
0, and lim, o €(z) = 0. Then G(x) = T,,,(x) + €(x) will have a repulsive
fixed point at x = 0, so we can find a unique normalized solution to
Schroder’s equation analytically extended to include the positive real
axis. By converting this to a solution to Abel’s equation, we get the
function ¥, . for which

B In(x)
ETI0)

From this solution, we can find a solution for Abel’s equation over
the Taylor polynomial 7;,,. We find a solution that is asymptotic to
U, as x — oo. If we let 7% () be the n-th iterate of the m-th Taylor
polynomial, then we can let

\I/m75(Tm+E(Jf)) = \I]m,E(x)+1a \Ijm,e(w) ‘f‘O(l’) as r — O+.
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(11) Ape(z) = lim ¥, (T (z)) — n.
n—oo
Once again, if €1 (x) and es(x) are two different perturbation functions,
then for each m, A, (A, (x)) — 2 will be a periodic function. We can
show that these periodic functions converge. First we need to prove a

simple lemma.

LEMMA 1. Let g;(x) and g2(x) be two increasing functions, for which
g1(z) > 2, go(x) > 2 and [g;) < 1/2 forx > N —1. Let 0 < 6 < 1 be
such that |g1(z) — g2(x)| < 0 for x > N, and let f(z) be a function for
which |f(x) — x| < 6 for x > N. Then

197 (flga()) — 2| < 0 for x> N.

Proof. Ttz > N, go(x) > N, s0 | f(g2(2))—ga()| < 6, hence |f(ga(x))—
g1(z)| < 26. Since [g;!)" < 1/2, we have by the mean value theorem that

-1 1 b 1
91 (a) zl (%) < 3 whenever a,b> N —1, a#b.
a—

In particular, g;(z) > N and f(g2(z)) > N—6 > N —1 when x > N, so

91" (f(92(2))) — g1 (g1(2))| < %|f(92($)) —gqi(z) <o for x>N.
O

PROPOSITION 1. Let €;(x) and es(x) be two analytic increasing func-
tions with €1(0) = €2(0) = —1, and €(x) — 0 and ez(x) — 0 as © — 0.
Then the sequence of periodic functions A, (A, (x)) — x converge

m,eo
uniformly to a, (o' (z)) — .

Proof. Let 0 < 6 < 1. We need to show that for sufficiently large m,
e, (g (7)) = A (Agl, (@) <0

m,es

for all x. This is equivalent to saying that

e (Amer (A, (7)) — x| < 0.

‘aﬂ (&62 m,el

Because both €;(z) and €;(z) approach 0 as z — oo, as well as ¢, (z),
there is an N > 3 such that

12) el <

4}
1 |€2(ZL‘)|<Z and ¢, (z) <1 forall z> N.
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Although ¥,, . and v, are not analytic at + = 0, the combination
Ut (W (x) = SE (0 (x)), where Sy, and o, (2) are the unique
normalized analytic solution to Schréder’s equation for T, + € (z) and
e” 4 € (x), respectively. Since the first m coefficients of Sy, ., and Sy, ,
will match the first m coefficients of 0., and o., respectively, there is
some M such that

) . 5

(13) |0l -2l < and U () ol < G

for all m > M on the finite interval 0 < = < eN¥*t! 4+ 1. Note that
although Eq.12 is valid for the outer region x > N, and Eq. 13 is valid
in the inner region z < e¥*! + 1, there is an overlap region in which
both estimates are valid.

Let g1(x) = e*+€1(x), and ga(x) = e"+eo(x). Tt is clear that f(x) = x
satisfies | f(z) — x| < 0/4, so by induction, we can use Lemma 1 to show
that

)
lg7 " (g5 (z)) — x| < 1 forall n when z > N.
Since we can express
ae, = lim 9, (g; " (exp"(2))), oze_; = lim exp_”(gg(wél(x))),

we have that
05 (0 (0 (B (2)))) = lim g7 (53(2).
Therefore,
0 (0 (02 (e (2)))) — 2] < % when 2> N.

Likewise, for any m > M, we find that T,, satisfies the conditions of
Lemma 1 for N > 3, so

|\If_1 (Am,EZ,(A_1 (Ve (2)))) — 2| < Z when x > N.

m,e2 m,e1

IfN+6/4<x<eVtt+1-6/4, then N < ¢ (T, (2)) <Nt 41,
S0

[0 (0 (g, (Ve (V5 (T (2)))))) = 05, (Winea (2))] < -

Hence, we have

[ (e () (W ey (2))) — 2] < =
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IfN+6/2<z<eN +1-06/2 then N+6/4 < ¥, (Ane(4,],
(U (1)) < N1 41—46/4, so

Ve (0 (g, (Ve (Ve (Ameea (Ar e, (Piney (2))))))))

Ve (Ame (A, (Vi (2))))]

hence
9 (e (0 (Ame (Ame, (T, (2)))))) — 2] < T

Finally, if N +36/4 < = < V! 4+ 1 —35/4, then N +6/2 <
Ul (e (7)) < N1 +1—6/2, 50

[ (e (g (Am s (A (Y e (Voiey (e (2D =iy (Ve (2))] < -
From this, we have that

Ve, (0 (0, (Ao (A, (Ve () — 2] < 6.

In particular, since § < 1, this will be valid on the interval N +1 <z <
N¥1
eVt

Since ¢ () < 1 for x > N + 1, we can use the mean value theorem
to show that

e, (a) = ¥, (B)] < |a — bl
when both a and b are at least N +1. So

e, (a5, (Am.e, (A, (Ve (7)) — e, (2)] < 6
for N+1<z<eN! so

e, (0, (A (A, (2)))) — 2] < 6

€2 m,e1

for p H(N+1) <z <4 *(eNTh). Since eVt 46 (N +1) < VT we see
that this interval is over one unit in length. Since a, (a_' (Apm.e, (4, (2))))
—x is periodic with period 1, this means that

e, (g, (A, (A, () — 2] <

m,e1

for all z. O]
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5. Comparing with the Natural Solution

At this point, we can compare any two solutions of Abel’s equation
a(e®) = a(z) + 1. If there were a “natural” solution to Abel’s equation,
we could compare this solution with another solution produced by the
perturbation e(z) by the periodic function p(z) = a(a;'((z)) — z. In
fact, if we know this periodic function, we can reproduce the natural
solution a(x).

Proposition 1 shows that p(x) would only depend on the local behav-
ior of €(x) and e, since replacing e” with a Taylor polynomial approx-
imation 7, produces approximately the same periodic function. But
Abel’s equation for T, does have a natural solution, since T, is a poly-
nomiall We can solve Bottcher’s equation 5,,(T,,.(x)) = (B (z))™, and
let a,,(x) = In(In(Bn(x)))/ In(m). If indeed a,,(a ' ((x)) — x converges
to a periodic function as m — oo, we could use this period function to
peel off the effects of the perturbation function e(x), giving us a solution
that is independent of which €(z) that we chose.

Plugging a Taylor polynomial for e” into Eq. 2 causes it to simplify
greatly.

B(z) = (m!)l/(l—m) <$ L1+ m—1 n (m—1)2m —17)

2z 622
+(m — 1)(6m? — 55m + 95) N
2423 '

Since the point at co will attract any positive number as long as m >
1, we can analytically extend this function to include the positive real
axis. We can then let A,, = In(In(G,,(z)))/In(m), which will satisfy
An(Ty) = Ap(x) + 1.

For a given perturbation €(x), we can see the effect of using the per-
turbed Taylor polynomial verses the natural Taylor polynomial by com-
puting

pm,ﬁ(x) = Am(A;n}e(x)) -,
which will again be a periodic function. The natural question is whether

Pm.c(x) converges to a single periodic function P.(x) as m — oo. If it
did, we could define a(z) to be
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By proposition 1, this would not depend on which perturbation function
e we chose, so we would succeed in finding a natural solution to Abel’s
equation.

—0.0005
—0.0010
—0.0015
—0.0020

FIGURE 3. A, (Al (z)) — 2 for m =3,4,5,6,7.

Unfortunately, the p,, . do not converge, even if first we normalize
A,, and A, so that A,,(1) = A, (1) = 0. Fig. 3 shows p,, for
e(r) = —e™® and 3 < m < 7. The amplitude of the periodic functions
grow exponentially with m, and this pattern persists with larger m.
Thus, we cannot use the p,, . to remove the dependence of the €(z) as
we had hoped.

None-the-less, we can use the log ratio metric to find which e(x) causes
a, to come closest to the “natural solution” found in Eq. 4. The results
are given in Table 1. We see that in fact using e(xr) = —e %" gives a
very close approximation to the solution found in Eq. 4, even though
the later is not a precise solution.

e=—1 e=—e" e=—2 e=—3 g 1)
“Natural” o(z) [ 0.0049983 | 0.0013073 | 0.0003448 | 0.0048961 | 0.0134455
e=—1 0.0062916 | 0.0052950 0.0082153 | 0.0183861
€= —e * 0.0010724 0.0047838 | 0.0121379
€= —e 2% 0.0046229 |0.0131907
€= —e 7 0.0133121

TABLE 1. Metric distance between various solutions.

Another question is whether there is an €(x) for which the solution to
Abel’s equation is particularly easy to find. That is, we would like an
e(z) that satisfies the properties of Sect. 3, as well as
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e g(x) = e” + €(x) is easy to invert.

e The entire half plane &(z) > 0 is in the basin of attraction for the

fixed point 0 of g7!(x).

An obvious such €(z) would be e(x) = —e ™, since e + €(z) =
2sinh(x). This has an easy to compute inverse, sinh™'(x/2). If we
use the principle inverse, the entire complex plane is in the basin of at-
traction of the fixed point at 0. [9] In fact, calculating «a.(x) is possible
on a scientific calculator. The fact that e® + ¢(z) is an odd function
makes it particularly easy, since using only 2 terms of the series for ¢ (z)
give exceptional accuracy.

T

1. Do e — z until x > 230.25, counting the number of times the
operation is done.

2. Do sinh™'(x/2) — x the number of times in step 1. If the calculator
doesn’t have hyperbolic functions, use In((z + vz2 +1)/2) — x.

3. Do sinh™'(2/2) — = until x < 0.01, counting the number of times
the operation is done.

4. Calculate (In(z) — 22/18)/In(2).

5. Add the count from step 3.

6. Subtract 0.06783836607 to normalize the function so that «(1) = 0.

We can invert the function in a similar way , for x > —2.

Add 0.06783836607 so that a~1(0) = 1.

Subtract an integer so that x < —7.

Calculate 2% 4 8*/18.

Do 2sinh(z) — « the number of times in step 2. Note that
2sinh(z) = e* —e ™.

5. Do 2sinh(z) — = until x > 230.25, counting the number of times.
6. Do Inx — x the number of times in step 5.

e\

These routines are guaranteed to give 10 places of accuracy, and are
designed to balance accumulative error and limit errors. Since f(z) =
a Ya(z) + 1/2) solves the equation f(f(z)) = €%, we have a way to
compute the title problem.

6. Generalizations

Having found a plausible orthodox solution to Abel’s equation for e*,
let us consider a way to generalize it to cover fractional iterations of a”
for a > e/¢. This would solve the tetration problem. Note that when
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a = e'/¢, a* has a fixed point at & = e, so there is an orthodox tetration
for 1lea < e'/¢ using Julia’s equation [14].

The obvious generalization would suggest letting e(x) = —a™*, but
a® —a~* produces an additional positive fixed point for a < \/e. In fact,
when a is close to e'/¢, perturbing the function by any amount will cause
a fixed point to be produced near x = e. In order to assure that there
will be only one fixed point of the perturbed function for all a > e/,
we must have the fixed point move, depending on the value of a.

Let us determine where the function a® comes closest to the line y = z,
by finding the critical point of a® — x. We find that this point is at
& = —In(Ina)/In(a), so we will choose €,(x) = —ca™ so that a” 4 €,(z)
will have a fixed point at &,. This produces ¢ = (1 + In(In(a)))/In(a)?,
so we find that

1+ In(In(a))
(In(a))

We find that this function can still be readily inverted via the quadratic
equation.

—X

ga(x) = a” + €,(x) = a” —

. In <% <\/x2(ln(a))2 — 2z In(In(a)) In(a) + (In(In(a)) + 2)2))
g (7] = In(a)

In (3 (zIn(a) — In(In(a))))
+ In(a) '

Note that when a = e, ¢,(r) simplifies to —e™*, and when a = e!/°,
¢, = 0. Thus we have a smooth transition between our solution for
a = e and the point where there is a known solution.

We can solve Abel’s equation for a® + ¢,(z), since there is now a fixed
point at &,. This produces the function ,(x), whose first three terms
of the series expansion about z = &, are

1
vl = e n((a))) (Ine - )

o) o)
(1 + In(In(a)) (2 + In(In(a))) ¢
In(a)? (51n(In(a))® — 5In(In(a))? — 321In(ln(a)) — 16)
24(In(In(a)) + 1)?(In(In(a)) + 2)%2(In(In(a)) + 3)
)

xT

+

(z — ga)Q
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Then 1), solves the equation ¥, (a” + €,(x)) = ¥q(x) + 1. We can also
find the series for the inverse function.
1 B . In(a)In(ln(a))(2 + In(In(a)))**
Vo ) = Lot 2 Inne))" = o @) @ + In(in(2)
(In(a))*(In(In(a))® + 81n(In(a))* + 8In(In(a)) + 4)(2 + In(In(a)))>*
6(1 + In(In(a)))?(2 + In(In(a)))?(3 + In(In(a)))

4+

Finally, we can express

0o() = Tim (g, "(expf(e)), and a (@) = lim exp,"(2 (0, ()

n—o0

FIGURE 4. «a;!(x) for a = e'/¢,3/2,2, and e.

The graphs for o (z) for various a are shown in Fig. 4. Also shown
in this figure is a,1/c(x), which has a natural solution. Since

h <(61/6)h71($)> =e"—1 when h=Inz—1,

we see that (e!/€)* is naturally conjugate to e® — 1, which we have seen
has a natural solution to Abel’s equation in Eq. 7. Hence, we have

(14) Qgse(r) =¢(lnz —1)+C

for some constant C', using the ¢ from Eq. 7.
We can see in Fig. 4 that as a approaches e'/¢, there is a section of
the graph of o *(z) that is nearly horizontal, caused by the “bottleneck”
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created where the graph of y = a” is very close to the line y = x. This
begs the question as to whether the limit of () approaches ae_ll/e (x),
at least pointwise, as a — e!/¢. Proposition 1 suggests that the effect
of adding ¢(z) to solve Abel’s equation only effects the solution based
on the local behavior of ¢(x), and since €,(x) — 0 as a — e'/¢, this
effect should vanish. However, the situation is different here than for
proposition 1, so we need another proposition. First let us develop a
useful lemma.

Na

La

Tq £ \/Na

FIGURE 5. Analysis of iterations near a “bottleneck.”

Lemma 2:

For each a > ag, let © < f,(x) and = < g,(z) be increasing, concave
up analytic functions on the interval 0 < x < N. Suppose also that
fa(z) and g,(z) both approach the analytic function fo(x) uniformly as
a — ag, where fo(x) has a fixed point at 2. Let z, be the local minimum
of fo(x) — z, and £, be the local minimum of g,(z) — z. Suppose that

fa(xa) — Ty = ga<£a> - ga = Ta,

that is, f, and g, have the same minimum distance to the line y = z. Let
h.(z) be functions that uniformly converge to the function z. Finally,
suppose that there is some M such that

1 _ 1
NIACHIRVIAS)

(15) < Mn,.
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Then for all 6 > 0, there is an as such that

| ™ (ha(gi(z)))—2x| <6  whenever ap<a<as and g, (z)<N.

Proof: If there were some m such that ¢7*(z) > N for all a, the proof
would be obvious, since ¢*(z) and f2*(z) would both uniformly converge
to fi*(z) as a — ap, and h,(x) is already uniformly converging to x. The
issue is that if 0 < xg < N, then as a — ag, the number of iterates of
fa(z) and g,(z) needed to get past xy goes to infinity. See Fig. 5.

The region of interest is the “bottleneck” area, where |x — z,| =
O(\/Ma)- If f(x4) = ka4, we can approximate f, within this region by

2

% +0(n?).
If we divide the bottleneck region into subintervals of width Ax;, then
the number of iterates of f,(z) needed to get past this subinterval is
approximately

fa(x) :na+$+ka

fa(l‘f) _I;‘k 77a+ka(x;k_1‘11)2/27
where z7 is a representative point of the interval. The sum of these is a
Riemann sum for the integral

/°° dx _ V2tan~ ' (VEax/v/214) - _ ™2
oo T+ kol — 24)%/2 VEalla o mafi(we)

o

Likewise, the number of iterates of g,(x) needed to get past the same
region is mv/2/+/Nag" (€.). Using Eq. 15, we see that the difference in the
number of iterates is bounded by 7M+/27,, which goes to 0 as a — aq.
If we had kept higher order terms, the corrections would also go to 0 as
a — ag. Thus, |f, (g0 (x)) — z| < ¢ for a sufficiently close to ag if the
iterates are within the bottleneck region. We have already covered the
case outside this region, so the proof is complete. O]
The key to this lemma was the fact that f, and g, had very similar
“bottlenecks.” We can create a function with a similar bottleneck of a”
by defining
1 + In(In(a)
In(a)
We have already observed that the local minimum of a*—zx is at (— In(In(a))
/In(a), (1 +In(In(a))/In(a)), and we designed k,(x) — x to have a local

ko(x) = e™/° +



Finding the natural solution to f(f(z)) = exp(z) 103

minimum at (e, (1 + In(In(a))/In(a)). Then since

L L[|l g Linlng)
\/fé/(xa) \/gg(fa) _‘vlna \/E‘< lna for a < 3,

we can use M =1 in the conditions of the lemma.

Let us find a solution to Abel’s equation for the function k,(x), valid
for z < e. We already have a solution to a(e®¢) = a(z) + 1 valid for
x > e, namely a,i/. from Eq. 14. We can let

Gulr) = 1 o, (expl, (K (2)).
Then even for x < e,

Galka(r)) = lm g (exp). (kg™ (2)))

n—oo

= T e (exp,u-(exp (K (1))

= lim o,/ (exp,i/e (exp;’}gl(k;”l(x)) +1=¢u(x) + 1.

n—oo

PROPOSITION 2. Given ¢ > 0, there is an ag such that
o, (aa(z)) — 2] < 6 for z > 0 and €"/¢ < a < ay.
Proof. We can express
6" () = Tim k" (exply () (2))).
Thus,
Oq (aa()) = lim k" (explhy. (g (Yalgs " (expy (2)))))).

n—oo
Since we can find an aq such that |g,(r) —a®| < §/4 for e¥/¢ < a < ay,
we can use Lemma 1 to show that

—-n n 5
194" (expg (2)) — ] < 7.

4

Likewise, we can pick ag small enough so that
—-n n 5
(el (@) — 2l < G

However, the conditions of this lemma are only valid for x > 2e + 1. If
it takes m iterations of a” or k, to get from = past the bottleneck to
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beyond 2e + 2, then we can express
0 () = lim kg™ (kg™ (explhe (explly (o) (Yo

(90" (94" (expg (expy’())))))))))-

We now proceed as in proposition 1. For a given z, we can find an m
(possibly negative) such that

2¢ + 2 < exp™(x) < a®*? < 3/2%7,

By Lemma 1, we have
—n n m m 5
’ga (eXpa (eXpa (l’))) — €XP, (l’)‘ < Z
which would indicate that 2e+2—48/4 < g, ™ (exp!(exp™(x))) < (3/2)%¢"?+
0/4.
Note that v, (9™ (¢)) = tha(x)—m, and a;L, (w—m) = exp (a7l (x).
Thus,
expli (g (Ya(ga™(2)))) = age (Ya())-
Although a1/ (z) and 1,(x) are undefined at the fixed points,
1 1
MNz)= —— and () = ——
=@ D= @
have unique formal power series near the fixed point. Since the power
series of A, approaches the power series for \ as a — e/¢, we can find
an ag such that

)
|a;1/e(¢a(m)) - 317| < 4—1

foralle < z < 2e+2—§/4, and €'/ < a < aq. Since g;™(exp?(exp™(z)))
will be larger than 2e + 2 — §/4, we have

el (0t (™ (07 (expl exp ()~ ey (expi () < 2.

SO

| exple (). (Va(g, ™ (g, " (exply (exp)'(x))))))) — expy ()] < g-

Since exp’t. (a_,). (Va(g, ™ (9, ™ (expp(exp}'(x))))))) > 2e +2 — §/2, we
can use Lemma 1 to show that

[ " (expl " (0 1y (g, ™™ (expg (expg'(2)))))))

— expll (0 (™ (e esp )] < 5
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SO

[ " (expl" (e (Ya(ga "™ (expy (expy' () — expy (2)] < 3;

n+m

If we let y = expf(z) and h(y) = k"™ (exp[)" (. (Valga "™ (expj(y)
))))), we find that h(z) does not depend on m, and in fact uniformly
converges to = as a — e'/¢. Thus, we can use Lemma 2 with f, = k, and

go = a®, with N = (3/2)%***2 4 1, to show that for a sufficiently close to
61/67

[ ™ (k™ (expf e (expi e (a1 (Valga ™ (92 ™ (exy (expy ()))))))) —z| <
Taking the limit as n — oo gives us our result. O

COROLLARY 1. The function a,(x) approaches a,ie for x < e as
a — e'/¢. Hence, this tetration passes the continuity requirement.

Proof. Both a,(x) and .1/ are normalized so that a,(1) = 0 and
a,1/(1) = 0. It is clear that for a closed interval not including e, ¢,(z)
with the same normalization will uniformly approach a,i/e, since k,(z)
uniformly approaches e*/¢, and the interval would not include the bot-
tleneck region. But proposition 1 shows that a,(z) is uniformly close
to ¢a(x), so a,(x) uniformly approaches a,i1/. on any closed interval not
including e. [l

7. Conclusion

By embracing the fact that the solution to Abel’s equation is not
unique, we have formed a metric allowing us to measure distances be-
tween solutions. We also found one solution that is particularly easy to
calculate, that is more or less “in between” other proposed solutions. We
were able to extend this solution to solve the fractional iterates of a®,
and proved that this new solution approaches the established solution
as a approaches the critical value of e'/¢. Hence, we have a viable new
solution to the tetration problem.

We still have yet to study how this new solution behaves in the com-
plex plane. This can be explored in a future paper.
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